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This paper deals with loal onvexity properties of the j-metri.
We onsider onvexity and starlikeness of the j-metri balls in onvex,
starlike and general subdomains of Rn.
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1 Introdution
The j-distane in a proper subdomain G of the Eulidean spae Rn, n ≥ 2,
is dened by
jG(x, y) = log
(
1 +
|x− y|
min{d(x), d(y)}
)
,
where d(x) is the Eulidean distane between x and ∂G. If the domain G is
understood from the ontext we use notation j instead of jG.
The j-distane was rst introdued by F.W. Gehring and B.P. Palka [GP℄
in 1976 in a slightly dierent form and in the above form, by M. Vuorinen
[Vu2℄ in 1985. The j-distane is atually a metri and a proof of the triangle
inequality valid for general metri spaes is given in [S℄. Previously the
j-metri has been studied in onnetion with the study of other metris
[GO, H, S, V, Vu2℄. See also reent papers [HL, L℄. In spite of these studies
many basi questions of the j-metri remain open and some of them will be
studied here.
The purpose of this paper is to study metri spaes (G, jG) and espeially
loal onvexity properties of j-metri balls or in short j-balls dened by
Bj(x,M) = {y ∈ G : j(x, y) < M},
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where M > 0 and x ∈ G. In the dimension n = 2 we all these j-metri
disks or j-disks.
M. Vuorinen suggested in [Vu4℄ a general question about the onvexity of
balls of small radii in metri spaes. This paper is motivated by this question
and we will provide an answer in a partiular ase. Our main result is the
following theorem. For the denition of starlike domains see 3.3.
Theorem 1.1. For a domain G ( Rn and x ∈ G the j-balls Bj(x,M)
are onvex if M ∈ (0, log 2] and stritly starlike with respet to x if M ∈(
0, log(1 +
√
2)
]
.
In Setion 2 we onsider general properties of the j-metri and show that
for any G there exists points suh that there is no geodesi between them. In
Setion 3 we onsider loal onvexity properties of j-balls in puntured spae
and in Setion 4 we extend these results to an arbitrary domain G ( Rn. We
will further onsider onvexity of j-balls in onvex domains and starlikeness
of j-balls in starlike domains.
2 Properties of the j-metri
Throughout this paper G ( Rn, n ≥ 2, is a domain. We denote m(x, y) =
min{d(x), d(y)} and we use notation Bn(x,M) for the Eulidean balls and
Sn−1(x,M) for the Eulidean spheres. We often identify R2 with the omplex
plane C.
In 1976 F.W. Gehring and B.P. Palka [GP℄ also introdued the quasihy-
perboli metri, whih has been widely applied in geometri funtion theory
and mathematial analysis in general, see e.g. [Vu3, V℄. The quasihyper-
boli distane between two points x and y in a proper subdomain G of the
Eulidean spae Rn, n ≥ 2, is dened by
kG(x, y) = inf
α∈Γxy
∫
α
|dx|
d(x)
,
where Γxy is the olletion of all retiable urves in G joining x and y. We
denote the quasihyperboli ball by
DG(x,M) = {y ∈ G : kG(x, y) < M}.
The quasihyperboli metri is losely related with the j-metri. By [GP,
Lemma 2.1℄ jG is always a minorant of kG, in other words, for a proper
subdomain G of Rn we have
jG(x, y) ≤ kG(x, y)
2
for all x, y ∈ G.
The following result an be used to estimate the quasihyperboli metri
from above by the j-metri.
Proposition 2.1. [Vu3, Lemma 3.7℄ Let G ( Rn be a domain, x ∈ G,
y ∈ Bn(x, d(x)) and s ∈ (0, 1). Then
kG(x, y) ≤ 1
1− sjG(x, y).
The following lemma gives Eulidean bounds for the j-balls.
Proposition 2.2. [S, Theorem 3.8℄ For a proper subdomain G ⊂ Rn, x ∈ G
and M > 0 we have
Bn
(
x, r d(x)
) ⊂ Bj(x,M) ⊂ Bn(x,R d(x)),
where r = 1− e−M and R = eM − 1. Moreover
Bj(x,M) ⊂
{
z ∈ G : e−Md(x) ≤ d(z) ≤ eMd(x)} .
Remark 2.3. A similar result to Proposition 2.2 is also true for the quasi-
hyperboli metri see [Vu1, page 347℄.
By Proposition 2.2 the j-ball Bj(x,M) shrinks towards the enter {x}
as M approahes 0. The following lemma shows that the j-balls Bj(x,M)
exhaust the domain G.
Lemma 2.4. Let G ⊂ Rn be a bounded domain and x x ∈ G and s ∈
(0, d(x)]. Then
{y ∈ G : d(y) > s} ⊂ Bj
(
x, log(1 + d/s)
)
,
for d = sup
z∈∂G
|x− z|.
Proof. Let us assume d(y) > s. Then either m(x, y) = d(x) ≥ s or m(x, y) =
d(y) > s. In both ases m(x, y) ≥ s and sine |x − y| < d for all y ∈ G we
have
j(x, y) = log
(
1 +
|x− y|
m(x, y)
)
< log
(
1 +
d
s
)
.
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Let us denote the set of losest boundary points of a point x in a domain
G ⊂ Rn by
Rx = {z ∈ ∂G : |z − x| = d(x)} .
The next result haraterizes the ase of equality in the triangle inequality
for the j-metri. Its proof is based on the proof of the triangle inequality [S,
Lemma 2.2℄.
Theorem 2.5. Let x, y, z ∈ G ( Rn be distint points and d(x) ≤ d(z).
Then
jG(x, z) = jG(x, y) + jG(y, z)
implies that x, z and u are ollinear for some u ∈ Rx and y ∈ (x, z) with
d(x) < d(y) < d(z).
Proof. By denition jG(x, z) < jG(x, y) + jG(y, z) is equivalent to
|x− z|
m(x, z)
<
|x− y|
m(x, y)
+
|y − z|
m(y, z)
+
|x− y||y − z|
m(x, y)m(y, z)
. (2.6)
The assumption d(x) ≤ d(z) implies m(x, z) = d(x).
If d(y) ≤ d(x), then the inequality (2.6) is equivalent to
|x− z| < |x− y|d(x)
d(y)
+ |y − z|d(x)
d(y)
+
|x− y||y − z|
d(y)
d(x)
d(y)
,
whih is true, beause |x − z| ≤ |x − y| + |y − z|, (|x − y||y − z|)/d(y) > 0
and d(x)/d(y) ≥ 1.
If d(y) > d(x), then the inequality (2.6) is equivalent to
|x− z| < |x− y|+ |y − z|
(
d(x) + |x− y|
m(y, z)
)
,
whih is false if and only if x, y and z are ollinear and
d(x) + |x− y|
m(y, z)
= 1.
If d(x) = d(z), then d(x)/m(y, z) = 1 and
d(x) + |x− y|
m(y, z)
> 1. (2.7)
If d(x) < d(z) < d(y), then the inequality (2.7) is true, beause d(x)+|x−y| ≥
d(y) > d(z) = m(y, z). If d(x) < d(y) ≤ d(z), then the inequality (2.7) is
true if and only if y /∈ {k(x− u) : k > 0}, where u ∈ Rx.
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The impliation of Theorem 2.5 in the other diretion was proved by
Hästö, Ibragimov and Lindén [HIL, Corollary 3.7℄.
Denition 2.8. Let G ( Rn be a domain and γ a urve in G. If
j(x, y) + j(y, z) = j(x, z)
for all x, z ∈ γ and y ∈ γ′, where γ′ is the suburve of γ joining x and z, then
γ is a geodesi segment or shortly a geodesi. We denote a geodesi between
x and y by J [x, y].
By Theorem 2.5 and the result of Hästö, Ibragimov and Lindén we an
easily nd all geodesis J [x, y] for any domain G. The geodesi needs to
satisfy the triangle inequality as equality at eah point and therefore the
geodesi an only be a line segment l with the following property.
Lemma 2.9. Let G ( Rn be a domain and J [x, y] be a geodesi segment
with x, y ∈ G. There exists u ∈ ∂G suh that u ∈ Rs for all s ∈ J [x, y] and
u and J [x, y] are ollinear.
Proof. Let us assume, on the ontrary, that there exists z ∈ J [x, y] suh that
d(z) < d(x)− |x− z|. Now jG(x, z) + jG(z, y) = jG(x, y) is equivalent to
d(z)|x− z| + (d(x) + |x− z|)|z − y| = d(z)|x− y|.
We have
d(z)|x− y| ≤ d(z)|x− z| + d(z)|z − y|
< d(z)|x− z| + (d(x) + |x− z|)|z − y|
= d(z)|x− y|
whih is a ontradition.
Theorem 2.10. Let G ( Rn be a domain. Then there exist x, y ∈ G suh
that there is no geodesi J [x, y].
Proof. Let us assume, on the ontrary, that for all x, y ∈ G there exists a
geodesi J [x, y]. Sine G is a domain, we an hoose x, y, z ∈ G to be three
distint nonollinear points. Now there exists a geodesi J [x, y] from x to
y. We may assume d(x) < d(y) and then by Lemma 2.9 Bn
(
x, d(x)
) ⊂
Bn
(
y, d(y)
) ⊂ G.
On the other hand, there exists a geodesi J [x, z] from x to z and therefore
there has to exist a point u ∈ Sn−1(x, d(x)) ∩ ∂G suh that x, z and u are
ollinear. This is a ontradition, beause x, y and u are nonollinear and
therefore u ∈ Bn(y, d(y)).
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Remark 2.11. By Theorem 2.10 a j-metri geodesi does not always ex-
ist between two points. F.W. Gehring and B.G. Osgood have proved [GO,
Lemma 1℄ that for the quasihyperboli metri there always exists a geodesi
between two points of a domain G ( Rn.
However, the geodesis of the j-metri are unique while the geodesis of
the quasihyperboli metri need not be unique.
3 Convexity and starlikeness of j-balls in pun-
tured spae
In this setion we onsider the ase G = Rn \ {0}. By denition the j-balls
in puntured spae G = Rn \ {0} are similar, whih means that Bj(x,M)
an be mapped onto Bj(y,M) for all x, y ∈ G by rotation and strething.
We see easily that these balls are also symmetri along the line that goes
through 0 and the enter point.
Theorem 3.1. Let x ∈ Rn \ {0}. Then
1) the j-ball Bj(x,M) is onvex if and only if M ∈ (0, log 2].
2) the j-ball Bj(x,M) is stritly onvex if and only if M ∈ (0, log 2).
Proof. 1) By similarity we an assume x = e1 and by symmetry it is suient
to onsider only the ase n = 2. We will onsider ∂Bj(1,M) for xed M . By
denition we have for z ∈ ∂Bj(1,M)
M =
{
log(1 + |z − 1|), |z| ≥ 1,
log (1 + |z − 1|/|z|) , |z| < 1,
whih is equivalent to
eM − 1 =
{ |z − 1|, |z| ≥ 1,
|1− 1/z| , |z| < 1.
For |z| ≥ 1 the ∂Bj(1,M) is an ar of a irle with enter 1 and radius
eM − 1. For |z| < 1 the ∂Bj(1,M) is a irle that goes through points
1/(eM) and 1/(2 − eM) and has enter on the real axis. This means that
the enter of the irle is c = 1/
(
eM(2− eM )) and the radius of the irle is
|eM − 1|/|eM(2 − eM)|. Now c > 1, if M ≤ log 2, and c < 0, if M > log 2.
Therefore ∂Bj(1,M) is onvex for M ≤ log 2 and not onvex for M > log 2.
2) We have c ∈ (1,∞), where c is as above. Therefore Bj(x,M) is stritly
onvex. In the ase M = log 2 we have c = ∞ and Bj(x,M) is not stritly
onvex.
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Remark 3.2. For xed x ∈ G the quasihyperboli ball DG(x,M) is stritly
onvex in G = Rn \ {0} if and only if M ∈ (0, 1] [K℄.
Clearly Bj(x,M) is never smooth. We will next dene starlikeness of a
domain.
Denition 3.3. Let G ⊂ Rn be a bounded domain and x ∈ G . We say
that G is starlike with respet to x if eah line segment from x to y ∈ G is
ontained in G. The domain G is stritly starlike with respet to x for x ∈ G
if eah ray from x meets ∂G at exatly one point.
The next theorem determines the values ofM for whih the j-ballBj(x,M)
is stritly starlike with respet to x.
Theorem 3.4. For x ∈ Rn \ {0} the j-ball Bj(x,M) is stritly starlike with
respet to x if and only if M ∈ (0, log(1 +√2)].
Proof. Beause the j-balls are similar it is suient to onsider x = e1. By
symmetry it is suient to onsider the ase n = 2 and the part of ∂Bj(1,M)
that is above the real axis. If M ≥ log 3, then Bj(1,M) = B2(1, r)\B2(c, s),
where c, r and s are given in the proof of Theorem 3.1 and B2(c, s) ⊂ B2(1, r).
Therefore Bj(1,M) an be starlike with respet to 1 only for M < log 3.
Let us assume M < log 3. By the proof of Theorem 3.1 Bj(1,M) =
B2(1, r) \ B2(c, s). Let us denote the point of intersetion of S1(1, r) and
S1(c, s) above the real axis by z. Now z is also the point of intersetion of
the unit irle and the boundary ∂Bj(1,M). Let us denote by l the line that
goes through points 1 and z. Now Bj(1,M) is stritly starlike with respet
to 1 if and only if l ∩ B2(1, r) ∩ B2(c, s) = ∅. If z is a tangent of S1(c, s),
then the irles S1(1, r) and S1(c, s) are perpendiular andM has the largest
value suh that Bj(1,M) is starlike with respet to 1.
By the proof of Theorem 3.1 we have c = −1/eM (eM − 2), r = |1− z| =
eM−1, |1−c| = (eM−1)2/eM(eM−2) and s = |z−c| = (eM−1)/eM (eM−2).
Let us assume that z is a tangent of S1(c, s). Now by the Pythagorean
Theorem
(eM − 1)4
e2M(eM − 2)2 = (e
M − 1)2 + (e
M − 1)2
e2M (eM − 2)2 ,
whih is equivalent to e2M − 2eM − 1 = 0 and therefore
M = log(1 +
√
2).
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Figure 1: The boundaries of j-disks j(1,M) in puntured plane G = R2 \ {0}
with M = 0.5, M = log 2, M = log(1 +
√
2) and M = 1.1 ≈ log 3.
Example 3.5. Let us onsider the starlikeness of j-balls Bj(x,M) with re-
spet to z ∈ Bj(x,M) for M > log 2. By hoosing z = (e−M + ε)x/|x| for
ε > 0 and letting ε approah to zero we see that Bj(x,M) is not starlike with
respet to z.
On the other hand, if we hoose z = (eM − ε)x/|x| for ε > 0 and M <
log
(
(3 +
√
5/2
)
, we see that Bj(x,M) is stritly starlike with respet to z
for small enough ε.
Remark 3.6. For xed x ∈ G the quasihyperboli ball DG(x,M) is stritly
starlike with respet to x in G = Rn \ {0} if and only ifM ∈ (0, κ] [K℄, where
κ ≈ 2.83297.
4 Convexity and starlikeness of j-balls
We will onsider onvexity and starlikeness of j-balls Bj(x,M) for M > 0 in
onvex, starlike and general domains.
Let us onsider j-balls in a domain G with a nite number of boundary
points. The ase ard ∂G = 1 is idential to G = Rn \ {0}. If ∂G = {y1, y2},
then BjG(x,M) = BjRn\{y1}(x,M) ∩ BjRn\{y2}(x,M). This is lear, beause
the j-distane between a and b depends only on the losest boundary point
of the end points a and b. Similarly for ∂G = {y1, y2, . . . , ym} we have
BjG(x,M) =
m⋂
i=1
BjRn\{yi}(x,M).
This gives an idea to prove Theorem 1.1, whih shows that j-balls are
onvex in any domain G for small radius M .
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Figure 2: The boundaries of j-disks in a domain with 1, 2, 3 and 6 boundary
points.
Proof of Theorem 1.1. Let x ∈ G be arbitrary. We laim that
A = BjG(x,M) =
⋂
z∈∂G
BjRn\{z}(x,M) = B. (4.1)
Let y ∈ B. We an hoose z′ ∈ ∂G with
jRn\{z′}(x, y) = min
z∈∂G
jRn\{z}(x, y).
Beause z′ ∈ ∂G we have jG(x, y) ≤ jRn\{z′}(x, y) and therefore y ∈ A.
On the other hand, let y ∈ A. By denition there is a point z′ ∈ ∂G with
min{|x−z′|, |y−z′|} = minz∈∂G{|x−z|, |y−z|}. Now jRn\{z′}(x, y) ≤ jG(x, y)
and y ∈ B.
By Theorem 3.1 eah BjRn\{z}(x,M) is onvex for 0 < M ≤ log 2 and (4.1)
BjG(x,M) is an intersetion of onvex domains and therefore it is onvex.
If M ∈ (0, log 2], then BjG(x,M) is onvex and therefore also starlike
with respet to x. If M ∈ (log 2, log(1 +√2)], then
Bj(x,M) = B \
( ⋃
z∈∂G
Az
)
,
where B = Bn
(
x, (eM − 1)d(x)) and Az = Bn(czz, rz) for cz = |z|/(eM(2 −
eM )) and rz = |z||1 − e−M |/|eM − 2|. Let us assume that Bj(x,M) is not
stritly starlike with respet to x. Now there exists a, b ∈ B suh that b ∈
(x, a), a ∈ Bj(x,M) and b /∈ Bj(x,M). Now b ∈ Bn(czz, rz) for some z ∈ ∂G.
By the proof of Theorem 3.4 a ∈ Bn(czz, rz), whih is a ontradition.
Corollary 4.2. For a domain G ( Rn and x ∈ G the j-balls Bj(x,M) are
simply onneted if M ∈ (0, log(1 +√2)].
Proof. By Theorem 1.1 BjG(x,M) is starlike with respet to x and therefore
also simply onneted.
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Corollary 4.3. For a domain G ( Rn and x ∈ G the j-balls Bj(x,M) are
stritly onvex if M ∈ (0, log 2).
Proof. By the proof of Theorem 1.1 and Theorem 3.1
Bj(x,M) =
⋂
z∈∂G
(Bz,1 ∩Bz,2),
where Bz,i is a Eulidean ball and x ∈ Bz,i. Therefore Bj(x,M) is stritly
onvex.
Bounds of Theorem 1.1 are sharp as G = Rn \ {0} shows. Also the
bound log(1 +
√
2) of Corollary 4.2 is sharp. This an be seen by hoosing
G = R2\{0, z} for a ertain z and onsidering Bj(e1,M) forM > log(1+
√
2).
By the proof of Theorem 3.1 we know that
Bj(e1,M) = B
2(e1, r1) \B2(c, r2)
for r1 = e
M−1, c = e1/
(
eM(2−eM)) and r2 = (eM−1)/(eM(eM−2)). Let l be
the tangent line of B2(c, r2) that goes through e1. Denote {y} = S1(c, r2)∩ l.
Choose z to be the reetion of 0 in the line l. By a simple omputation we
have
|y − e1| = e
M − 1√
eM(eM − 2) < r1.
Let us denote by c′ the reetion of c in the line l. Now Bj
R2\{0,z}
(e1,M) =
B2(e1, r1) \
(
B2(c, r2) ∪ B2(c′, r2)
)
and therefore Bj(e1,M) is disonneted
for M > log(1 +
√
2).
Similar ounterexamples an be onstruted for n > 2. Let us assume
n ≥ 2 and M > log(1 +√2). Now we hoose
G = Rn \ (Sn−1(z, |z|) \Bn(e1, 1)),
where z ∈ Sn−1(e1, eM − 1) and the line [z, e1] is a tangent of Sn−1(c, r) for
c = e1/
(
eM (2 − eM)) and r = |1 − eM |/|eM(2 − eM )|. Let y ∈ [z, e1] ∩
Sn−1(e1, e
M − 1). Now jG(e1, y) = M and jG
(
e1,
1
2
(z + y)
)
< M . Therefore
Bj(e1,M) is disonneted.
Remark 4.4. The idea of the proof of Theorem 1.1 annot be used for the
quasihyperboli metri. We always have
DG(x,M) ⊂
⋂
z∈∂G
DRn\{z}(x,M)
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but inlusion in the other diretion is not always true. For example G = Rn\
{0, e1}, x = e1/4 and M = 1 gives an ounterexample. Now y = e1(1− 1/e)
is on the boundary ∂DG(x,M) beause
kG(x, y) = kRn\{0}(x, e1/2) + kRn\{e1}(e1/2, y) = log 2 + log(e/2) = 1.
On the other hand, z = e1
(
1−3/(4e)) belongs to the boundary ∂DRn\{e1}(x,M).
Now 0.632 ≈ |y| < |z| ≈ 0.724 and thereforeDRn\{0}(x,M)∩DRn\{e1}(x,M) 6⊂
DG(x,M).
The next theorem states onvexity of j-balls in onvex domains.
Theorem 4.5. Let M > 0, G ( Rn be a onvex domain and x ∈ G. Then
j-balls Bj(x,M) are onvex.
Proof. By Theorem 1.1 we need to onsider only the ase M > log 2. Let us
divide G into two parts D1 = {z ∈ G : d(z) ≥ d(x)} and D2 = G \D1. We
will rst show that onvexity of G implies onvexity of D1. Let us assume
that D1 is not onvex. There exists a, b ∈ D1 suh that c = (a + b)/2 /∈ D1
and d(a) = d(x) = d(b). Now Bn
(
a, d(x)
)
and Bn
(
b, d(x)
)
does not ontain
any points of ∂G, but Bn(c, r) for some r < d(x) ontains at least one point
of ∂G. Therefore G is not onvex, whih is a ontradition.
Let us onsider Bj(x,M) ∩D1. By denition of the j-metri we have for
y ∈ ∂Bj(x,M) ∩D1
|x− y| = d(x)(eM − 1)
and therefore ∂Bj(x,M)∩D1 is a subset of Sn−1(x, r), where r = d(x)
(
eM −
1
)
. By onvexity of D1 the domain Bj(x,M) ∩D1 is onvex.
Let us then show that eah hord with end points in Bj(x,M) ∩ D2 is
ontained in Bj(x,M). By denition for y ∈ ∂Bj(x,M) ∩D2 we have
d(y) =
|x− y|
eM − 1 . (4.6)
Let us assume y1, y2 ∈ Bj(x,M) ∩ D2 and z = (y1 + y2)/2 /∈ Bj(x,M). If
z ∈ D1, then z ∈ Bj(x,M) beause Bj(x,M) ⊂ Bn(x, r). Therefore we may
assume z ∈ D2 \ Bj(x,M). By (4.6) we have d(yi) > |x − yi|/(eM − 1) for
i ∈ {1, 2} and d(z) < |x−z|/(eM −1). Sine M > log 2 we have c = 1/(eM −
1) < 1. Now the boundary ∂G is outside Bn(y1, c|x− y1|)∪Bn(y2, c|x− y2|)
and has a point in Bn(z, c|x− z|), see Figure 3.
We will show that for c < 1 the domain G is not onvex. Let us denote
by l a line that is a tangent to balls Bn(y1, c|x − y1|) and Bn(y2, c|x − y2|).
Beause d(yi, l) = c|x− yi| for i ∈ {0, 1} we have
d(z, l) =
c|x− y1|+ c|x− y2|
2
. (4.7)
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bb
b
y1
z y2
l
Bj(x, M)
B1
B2
Figure 3: Line l, Eulidean balls B1 = B
n(y1, c|x−y1|) and B2 = Bn(y2, c|x−
y2|) and points y1, y2 and z.
By the triangle inequality
|x− z| =
∣∣∣∣x− y12 + x− y22
∣∣∣∣ ≤ |x− y1|2 + |x− y2|2
and by (4.7)
d(z, l) =
c
2
(|x− y1|+ |x− y2|) ≥ c|x− z|.
Now the domain G is not onvex, whih is a ontradition, and eah hord
with end points in Bj(x,M) ∩D2 is ontained in Bj(x,M).
Sine eah hord with end points inBj(x,M)∩D2 is ontained inBj(x,M),
Bj(x,M) ∩ D2 ⊂ Bn(x, r), D1 is onvex and ∂Bj(x,M) ∩ D1 ⊂ Sn−1(x, r)
the j-ball Bj(x,M) is onvex.
Theorem 4.8. Let M > 0 and G ( Rn be a starlike domain with respet to
x ∈ G. Then the j-balls Bj(x,M) are starlike with respet to x.
Proof. By Theorem 1.1 we need to onsider M > log(
√
2+1) whih is equiv-
alent to eM − 1 > √2. Let us divide G into two parts D1 = {z ∈ G : d(z) ≥
d(x)} and D2 = G \D1.
Similarly as in the proof of Theorem 4.5 the boundary ∂Bj(x,M) ∩ D1
is a subset of a sphere Sn−1(x, r) and Bj(x,M) ⊂ Sn−1(x, r). Therefore it is
suient to show that for eah y ∈ Bj(x,M) ∩D2 the line segment [x, y] is
in Bj(x,M).
We will show that all hords [x, y] for y ∈ Bj(x,M)∩D2 are ontained in
Bj(x,M). Let us assume, on the ontrary, that there exists points y1, y2 ∈(
∂Bj(x,M)
) ∩D2 with y1 ∈ (x, y2) and z = (y1 + y2)/2 /∈ Bj(x,M). Let us
rst assume z ∈ D1. Now jG(x, z) > jG(x, y2) is equivalent to |x− z|/d(x) >
12
|x − y2|/d(y2). By the seletion of y1 and y2 we have |x − z| < |x− y2| and
d(x) > d(y2) implying |x− z|/d(x) < |x−y2|/d(y2), whih is a ontradition.
Let us then assume z ∈ D2. Now
|x− y1|
d(y1)
=
|x− y2|
d(y2)
= eM − 1 < |x− z|
d(z)
b
b
b
b
x
y1
z
y2
Bj(x, M)
Figure 4: Seletion of points y1 and y2. Gray irles are B
n
(
y1, d(y1)
)
,
Bn
(
z, d(z)
)
and Bn
(
y2, d(y2)
)
.
and therefore the boundary ∂G does not intersetBn
(
y1, d(y1)
)
orBn
(
y2, d(y2)
)
and ontains a point in Bn
(
z, d(z)
)
, see Figure 4. This means that G is not
starlike with respet to x, whih is a ontradition.
Remark 4.9. (1) Let us onsider the domain G = Bn(0, 1) ∪ Bn(e1, 1/4) ∪
Bn(2e1, 1) and show that the j-ball B = Bj(0, log 3) is onneted but the
j-sphere S = {z ∈ G : jG(0, z) = log 3} is disonneted. We have
jG(0, e1) = log
(
1 +
1
1/4
)
= log 5
and therefore all points x ∈ G with x1 = 1 are neither in B nor on the
boundary ∂B. We also have B, ∂B ⊂ Bn(0, 1) ∪ Bn(2e1, 1). For all y ∈
Bn(2e1, 1) \ {u ∈ G : ∠0 2e1 u < atan (1/4)} we have
jG(0, y) = log
(
1 +
|y|
1− |2− y|
)
≥ log (1 + 2) = log 3,
beause |y| + 2|2 − y| ≥ 2. For all y ∈ Bn(2e1, 1) ∩ {u ∈ G : ∠0 2e1 u <
atan (1/4)} we have
jG(0, y) = log
(
1 +
|y|
d(y)
)
≥ log
(
1 +
|y1|
d(y1)
)
≥ log (1 + 2) = log 3
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and therefore B ⊂ Bn(0, 1) and it is onneted.
Let us now onsider S and denote z ∈ S. If z ∈ Bn(2e1, 1), then z = 2e1.
If z ∈ Bn(0, 1), then z ∈ ∂B. Now S = ∂B ∪ {2e1} and it is disonneted.
In partiular, we see that
{z ∈ G : jG(0, z) < log 3} 6= {z ∈ G : jG(0, z) ≤ log 3}.
(2) We have seen that in onvex domains the j-balls are onvex and
in starlike domains the j-balls are starlike. However in simply onneted
domains the j-balls need not be simply onneted. Let us onsider G =
Bn(0, 1)∪Bn(e1, h)∪Bn(2e1, 1) for h ∈ (0, 1). Clearly G is simply onneted.
Let us onsider B = Bj(0, log 4). We have
jG(0, 2e1) = log
(
1 +
2
1
)
= log 3
and therefore 2e1 ∈ B. Let x = (x1, . . . , xn) ∈ G with x1 = 1. Now
jG(0, x) ≥ jG(0, e1) = log
(
1 +
1
h
)
and x /∈ B for h < 1/3. For h = 1/4 the j-ball B is not even onneted.
Instead of the radius log 4 we ould hoose any r > log 3.
Questions 4.10. We pose some open questions onerning the quasihyper-
boli metri and quasihyperboli balls.
(1) Is it true that for any domain G ( Rn and x ∈ G the quasihyperboli
ball DG(x,M) is stritly onvex if M ∈ (0, 1]?
(2) Is it true that for any domain G ( Rn and x ∈ G the quasihyperboli
ball DG(x,M) is stritly starlike with respet to x if M ∈ (0, κ] for
κ ≈ 2.83297?
(3) Are the quasihyperboli geodesis unique in every simply onneted
domain G ( R2?
For the ase Rn \ {0} see Remarks 3.2 and 3.6.
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